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9.1 Introduction

Scheduling activities in an environment with resources in parallel may require
at times a reservation system. Each activity (i.e., reservation) is supposed to
occupy one of the resources for a given time period. Activity 7, j = 1....,n,
has a duration p; and has to fit within a time window that is specified by an
earliest starting time 7; and a latest termination time d;. There may or may
not be any slack, i.e., either

p; < dj -y
or

pj =dj =7
Such a setting is equivalent to the environment described in Chapter 5 which
has m machines in parallel and n jobs; job j has a processing time p;, a release
date r;, a due date d;, and a weight w;.

It may not be possible to schedule all n activities and the decision-maker

may have to decide which activities to schedule and which ones not. Sev-

eral objectives may be of interest, e.g., maximizing the number of activities
scheduled or maximizing the total utilization of the resources.
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We first consider models with no slack in the time windows for the ac-
tivities, i.e., the starting time and completion time of an activity have to be
equal to its release date and due date. These models are at times referred to
as fixed interval, or simply interval scheduling models. We consider also the
more general case where there may be a slack in any given time window, i.e.,
the difference between the due date and the release date may be greater than
the duration of the activity.

Reservation systems are ubiquitous. Consider, for example, a system in
which customers attempt to reserve hotel rooms for specific time periods.
The hotel has to decide which reservations to confirm and which ones not.

This problem occurs in many other settings as well (e.g., in a manufacturing "

setting a customer may want to reserve one or more machines for specific time
periods).

A different class of models that is also considered in this chapter is the
class of timetabling models. In these models there are typically n activities
to be scheduled with an unlimited number of identical resources in parallel.
However, timetabling problems have an additional dimension: an activity can
be done by one of the resources only if specific operators are available at
the time of its execution. So an activity can be scheduled on any one of
the resources at any time as long as the necessary operators are available
during that period. The availability of the operators may be sub ject to certain
counstraints; these constraints may have as an effect that certain combinations
of activities cannot be done at the same time, even though the resources are
available. A typical objective may be to complete all activities in minimum
time, i.e., to minimize the makespan. In a more general timetabling problem
the timing of activity j may also be constrained by an earliest starting time
r; and a latest completion time d;.

This chapter considers two types of timetabling problems. The first type of
timetabling problem assumes that all operators are identical, i.e., the opera-
tors constitute a single homogeneous workforce. The total number of operators
available is W and in order to do activity j on one of the resources W; op-
erators have to be present. If the sum of the people required by activities j
and k is larger than W (i.e., W; + Wi > W), then activities j and & may
not overlap in time. This type of timetabling is in what follows referred to as
timetabling with workforce or personnel constraints.

In the second type of timetabling problem each operator has its own iden-
tity and is unique. (An operator may now be equivalent to a specific tool or
fixture that is required in order to perform certain activities.) Each activity
now requires a specific subset of the operators and/or tools. In order for an
activity to be scheduled all the operators or tools in its subset have to be
available. Two activities that need the same operator can therefore not be
processed at the same time.

This second type of timetabling can occur in many different settings. Con-
sider, for example, a large repair shop for aircraft engines. In order to do
certain types of repairs it is necessary to have specific tools, equipment, and

operators. A given tool or piece of equipment may be required for certain
types of repairs; timetabling may therefore. be necessary. A second example of
this type of timetabling occurs when meetings have to ’_be scheduled. The op-
erators are now the people who have to attend the meetings and each meeting
has to be assigned to a time period in which those who have to att.end are able
to do so. The meeting rooms correspond to the resources. A third example
of this type of timetabling occurs when exams have to be sched}11ed. E})lach
operator represents a student (or a group of students). Two exams th}zlitd :ivg
to be taken by the same student (or group of students) cannot .be schedule

at the same time. The objective is to schedule all the exams within a given

“time period.

One reason for covering reservation problems and timetabling problems in
the same chapter is that both types of problems lead to well—known. graph fol—
oring problems. The reservation problem with zero slack and the timetabling
problem with operator or tooling constraints are both closely rel.ated to a
well-known node coloring problem in graph theory. The.reservatlon model
with slack is, of course, a generalization of the reserva.utlon model without
slack. The timetabling problem with workforce constraints cannot b'e coni-
pared that easily to the timetabling problem with operafcor constraints. In
the timetabling problem with workforce constraints there is only one type of
operator, but there are a number of them and they are 1¥1terchangeable. In
the timetabling problem with operator or tooling constrf.nnts there are sev-
eral different types of operators, but of each type there is only one. In any
case, both the timetabling problem with operator or tooling §onstra1nts and
the timetabling problem with workforce constrain@ are spec.lal cases of ‘Fhe
project scheduling problem with workforce constraints described in Section
4.6.111 this chapter we often make a distinction betweeg t‘h.e feasib.ility version
of a problem and its optimization version. In the fea&bll.lty version we n(.eed
to determine whether or not a feasible schedule exists; in th-e optlm}zat1on
version an objective has to be minimized. If no efﬁc%ent algorithm .ex1.sts for
the feasibility version, then no efficient algorithm exists for the optimization
version either. .

Throughout this chapter we assume that all data are integer and that
preemptions are not allowed.

9.2 Reservations without Slack

In this section we consider the following reservation model. There are m re-
sources in parallel and n activities. Activity j has a release date 7;, a due date
d;, and a weight w;. As stated before, all data are ix.lteger. The fact that there
is no slack between release date and due date implies that

pj =dj =1



If we decide to do activity 7, then it has to be done within the specified time
frame. However, it may be the case that activity j cannot be done by just any
one of the m resources; it may have to be done by a resource that belongs to a
specific subset M; of the m resources. When all activities have equal weights,
the objective is to maximize the number of activities done. In contrast, when
the activities have different weights, the objective is to maximize the weighted
number of activities scheduled. A weight is often equivalent to a profit that
is made by doing the activity. In a more general model the weight of activity
J may also depend on the resource to which it is assigned, i.e., the weight is
wy; (i.e., the profit depends on the activity as well as on the resource to which
the activity is assigned).

Example 9.2.1 (A Car Rental Agency). Consider a car rental agency
with four types of cars: subcompact, midsize, full size and sport-utility. Of
each type there are a fixed number available. When customer j calls to make
a reservation for p; days, he may, for example, request a car of either one of
two types and will accept the price quoted by the agency for either type. The
set M for such a customer includes all cars belonging to the two types. The
profit made by the agency for a car of type ¢ is m; dollars per day. So, the
weight of this particular reservation is Wij = T;Pj.

However, if customer j specifically requests a subcompact and all subcom-
pacts have been rented out, the agency may decide to give him a midsize for
the price of a subcompact in order not to lose him as a customer. The set M. i
includes subcompacts as well as midsizes (even though customer j requested
a subcompact), but the agency’s daily profit is a function of the car as well as
of the customer, i.e., 74 dollars per day, since the agency gives him a larger
car at a lower price. The weight is w;; = m;;p;.

Most reservation problems can be formulated as integer programs. Time
is divided in periods or slots of unit length. If the number of slots is fixed,
say H, then the problem is referred to as an H-slot problem. Assume, for the
time being, that the activity durations are equal to 1 and let J; denote the set
of activities that need a resource in slot ¢, i.e., during period [t — 1, #]. If z;;
denotes a binary variable that assumes the value 1 if activity j is assigned to
resource ¢ and 0 otherwise, then the following constraints have to be satisfied:

m
Zmijﬁl j=L...,n
i=1

E:%Sl i=1,...,n, t=1,...,H
jeJs

The first set of constraints ensures that every activity is assigned to at most
one resource and the second set ensures that a resource is not assigned to
more than one activity in any given slot.

The easiest version of the reservation problem is a feasibility problem: does
there exist an assignment of activities to resources with every activity being

assigned to a resource? A slightly harder version of this feasibility problem
would be the following: does there exist an assignment of activities to resources
with activity j being assigned to a resource belonging to a given subset M;?
It turns out that this problem is still relatively easy and therefore left as an

exercise. ' S
In the optimization version of the reservation problem the objective is to

maximize the total profit
m n
E E WijTiz,

i=1 j=1

“wheré the weight w;; is equivalent to a profit associated with assigning activity

§ to resource i. Some special cases of this optimization problem can ac.tually
be solved in polynomial time. For example, consider again the case with all
n activities having a duration equal to 1, i.e., p; = 1 for all 7, .and assume
arbitrary resource subsets M; and arbitrary weights w;;. Each time slot can
be considered as a separate subproblem that can be solved as an independent

assignment problem (see Appendix A). '
Another version of the reservation model that allows for an efficient solu-

tion assumes arbitrary durations, identical weights (i.e., w;; = 1 for all ¢ and
7), and each set M; consisting of all m resources (i.e., the m resources are
identical). The durations, the starting times (release dates? agd the cor'np.le-
tion times (due dates) are arbitrary integers and the objective is to maximize
the number of activities assigned. This problem cannot be decomposed into a
number of independent subproblems (one for each time slot), since the dura-
tions of the different activities may overlap. However, it can be shown that the
following relatively simple algorithm maximizes the total number of a.ctivities.
In this algorithm the activities are ordered in increasing order of their release
dates, i.e.,
1 <rg <o ST

Set J denotes the set of activities already selected.

Algorithm 9.2.2 (Maximizing Number of Activities Assigned).
Step 1.

Set J =0 and j = 1.
Step 2.

If a resource is available at time r;, then assign activity j to that resource;
include activity § in J, and go to Step 4.

Otherwise go to Step 3.
Step 3.
Let 5* be such thal

Cj» = 1%123((0;6) = rl?ea}c(rk + ).



If C; =r; +p; > Cj+, do not include activity j in J and go to Step 4.

Otherwise, delete activity j° from J, assign activity j to the resource freed
and include activity j in J.

Step 4.
If j=n, STOP,
otherwise set j = j+ 1 and return to Step 2.

Another version of this reservation model with zero slack, arbitrary dura-
tions, equal weights, and identical resources is also of interest. Assume there
are an unlimited number of identical resources in parallel and all activities
have to be assigned. However, the assignment must be done in such a way
that a minimum number of resources is used. This problem is, in a sense, a
dual of the problem discussed before. It turns out that minimizing the number
of resources when all activities have to be done is also an easy problem.

It can be solved as follows. Again, the activities are ordered in increasing
order of their release dates, i.e., r1 < 7rg < --. < r,. First, activity 1 is assigned
to resource 1. The algorithm then proceeds with assigning the activities, one by
one, to the resources. Suppose that the first 7 — 1 activities have been assigned
to resources 1, 2, . .., 7. Some of these activities may have been assigned to the
same resource. So i < j — 1. The algorithm then takes the next activity from
the list, activity 7, and tries to assign it to a resource that already has been
utilized before. If this is not possible, i.e., resources 1,...,% are all busy at
time 75, then the algorithm assigns activity j to resource ¢ 4 1. The number of
resources utilized after activity n has been assigned is the minimum number
of resources required.

This last problem turns out to be a special case of a well-known node col-
oring problem in graph theory. Consider n nodes and let node j correspond
to activity j. If there is an (undirected) arc (j, k) connecting nodes j and k,
then the processing of activities j and k overlap in time and nodes j and &
cannot be given the same color. If the graph can be colored with m (or less)
colors, then a feasible schedule exists with m resources. This node coloring
problem, which is a feasibility problem that is NP-hard, is more general than
the reservation problem in which the number of resources used is minimized.
This node coloring problem is actually equivalent to the timetabling problem
with operator or tooling constraints described in Section 9.5. The node col-
oring problem establishes the links between interval scheduling, reservations,
and timetabling.

9.3 Reservations with Slack

In the previous section we assumed that there was no slack between the release
date and the due date of each activity, i.e.,

pjzdj—Tj.

A more general version of the reservation model allows for slack in the time
window specified, i.e.,
pj < dj — 5.

We again consider first the special case where all release date-s and due
dates are integer and all processing times are equal to one. The Welght§ of all
activities are identical and all M; sets consist of all m resources. This case
is trivial since a schedule can be constructed progressively in time and the

maximum number of activities can be assigned.

The more general problem with non-identical durations does nF)t ha\{e
an easy solution. Maximizing the weighted number of activities assigned is
NP-hard, so it is unlikely that there exists an efficient algorithm that would
guarantee an optimal solution. We have to rely on heuristics. -

The following heuristic is basically a composite dispatching rule as de-
scribed in Appendix C. It requires, as a first step, the computation of a num-
ber of statistics. Let v denote the number of activities that may be assigned
to resource i during interval [t — 1,¢]. This factor thus corresponds to a po-
tential utilization of resource i in time slot ¢. The higher this number is, the
more flexible resource i is in this time slot. A second factor is the number of
resources to which activity j can be assigned, i.e., the number of resources in
set M;, which is denoted by |M;|. The larger this number, the more flexible
activity j is. Define for activity j a priority index I; that is a function of w; /D;

and |M;l, ie.,
I; = f(w;/pj, | Mj1).

The higher w;/p; and the smaller |M;], the lower the index. The activities
can now be ordered in increasing order of their indices, i.e.,

L << <In

The algorithm takes the activity with the lowest index among the remaining
activities and attempts to assign it to one of the resources, starting with the
resource with the least flexible time intervals. If the activity needs a resource
over the period [t, t+p;], then the selection of resource 7 depends on a function
of the factors v; ¢41,. .- Vi,t+p;s 1€ g(Wits1s-- o) Vit+p;)- Examples of such
functions are:

Dj
9(Vit+1s-- s Vi,t-{—pj) = (Z Vi,t+l)/pj§
=1
g(Vi,H—h cee Vi,t+pj) = maX(Vi,H—l, R Vi,H—pj)'

The heuristic attempts to assign the activity to a resource in a per'}oq that
has the lowest possible g(Vi,¢41, ..., Vi,t1p;) value. This one-pass heuristic can
be summarized as follows.



Algorithm 9.3.1 (Maximizing Weighted Number of Activities).
Step 1.

Set j =1

Step 2.
Take activity j and select, among the resources and time slots available,
the resource and time slots with the lowest g(Vi 41, .., Vit1p,) rank.

Discard activity j if it cannot be assigned to any machine at any time.
Step 3.

If j=n STOP,

otherwise set j = j+ 1 and return to Step 2.

The next example illustrates this heuristic.

Example 9.3.2 (Maximizing Weighted Number of Activities). Con-
sider seven activities and three resources.

activities 1 2 3 4 5 6 7
D; 3 10 9 4 6 5 3
w; 2 3 3 2 1 2 3
r; 5 0 2 3 2 4 5
d; 12 10 20 15 18 19 14

Mj {173} {1?2} {17273} {273} {1} {1} {1’2}

Consider the index function

MA
Ij = f(w;/p;, My) = u'),/;';
J J

The indices for the activities can be computed and are tabulated below.

2 345 67
I 3 667 9 4 6 25 2

activities 1

The factors v;; are tabulated below.

slott 01234567 8910111213141516171819
V1t 11334666665 5 44333321
Vot 11233444443 333211111
V3¢ 0012233333332 2211111

Applying the algorithm using the function

pj
9Wits1, -3 Vigp;) = (Z Vz',t+l)/2?j
=1

yields the schedule depicted in Figure 9.1.

H
[

Machine 1 5 6
Machine 2 2 7
Machine 3 1 4
} ; } f
0 5 10 15 20 —¢

Fig. 9.1. Schedule in Example 9.3.2

Activity Resource Period

7 2 11-14
6 1 14-19
1 3 5-8
4 3 11-15
) 1 2-8
2 2 0-10

It turns out that activity 3 (the last activity) does not fit into the schedule.
However, in the optimal schedule all activities are assigned (activity 7 starts
with resource 1 at time 10 and activity 3 starts with resource 2 at time 11).
So the heuristic yields in this case a suboptimal solution.
The function
M2

f(wj/ps, 1M;]) = w; /5,

yields the same schedule as the one described above (although the sequence
in which the activities are put on the resources is slightly different, the final
result is still the same).

The function

VM)

f(wj/pj7 1MJ|) = wj/pj

yields a schedule with activity 3 assigned. However, now activity 5 ends up
unassigned. Noting that ws = 1 and ws = 3, this last schedule is actually
better than the previous one, but still not optimal.

9.4 Timetabling with Workforce Constraints

Consider now an infinite number of identical resources in parallel. There are
n activities and all activities have to be done. Activity j can be done by or on



any one of the resources, but once the activity has started it has to proceed
without interruption until it is completed. There is a workforce that consists of
a single pool of W identical operators. In order to do activity j it is necessary
to have Wy; operators at hand. If the sum of the requirements of activities j
and k is larger than W1, i.e., Wi + Wi > Wi, then activities J and k cannot
be done at the same time. Actually, the sum of the requirements of any set of
activities that are done at any given point in time may not exceed Wi. It is
clear that this problem is a special case of the workforce constrained project
scheduling problem described in Section 4.6.

Such a model with workforce constraints can be used for workforce schedul-
ing applications. However, workforce scheduling problems in general tend to
be more complicated and will be discussed in more detail in Chapter 13.

Example 9.4.1 (Project Management in the Construction Industry).
A contractor has to complete n activities. The duration of activity j is p; and
it requires a crew of size Wy;. The activities are not subject to precedence
constraints. The contractor has W; workers at his disposal and his objective
is to complete all n activities in minimum time.

Consider now the following special case of the workforce constrained
timetabling problem with the number of available resources being unlimited.
All activities have now the same duration. The activities are not subject to
precedence constraints but are subject to workforce constraints and the objec-
tive is to minimize the makespan. This problem may be regarded as a discrete
counterpart of a famous combinatorial problem known as the bin packing
problem. In the bin packing problem each bin has capacity Wi and activity
J is equivalent to an item of size W1;. Each bin corresponds to one time slot
and the items packed in one bin correspond to the activities done in that time
slot. The objective is to pack all the items in a minimum number of bins. This
problem has many applications in practice.

Example 9.4.2 (Exam Scheduling). All the exams in a community college
have the same duration. The exams have to be held in a, gym with W7 seats.
The enrollment in course j is Wy, and all Wi students have to take the exam
at the same time. The goal is to develop a timetable that schedules all n exams
in minimum time.

This workforce constrained scheduling problem with all activities having
the same duration is known to be NP-hard (even in the absence of prece-
dence constraints). However, a number of heuristics have been developed that
perform reasonably well.

The First Fit (FF) heuristic first orders the activities (items) in an arbi-
trary way. The slots (bins) are numbered 1, 2, 3,... The procedure starts at
the beginning of the activity list and checks whether the activity fits in slot 1.
If it fits, it is inserted there. Otherwise, the procedure checks whether it fits
in slot 2, and so on. It has been shown that for any instance of this problem

Conan(FF) < 12 Conas OPT) 42,

where Crax(FF) denotes the makespan under the FF.rule and Cm‘ax(OPT)
denotes the makespan under a (possibly unknown) optimal rule. It is easy to

find instances for which Conn(FF) .

Cnax(OPT) 3
Example 9.4.3 (Application of the FF Heuristic). Let W, = 2100.
There are 18 activities.
activities 1,...,6 7,...,12 13,...,18
Wi, 301 701 10561

Under the optimal schedule the makespan Crax is 6 and. under the FF schefdtﬂe
the makespan is equal to 10. The optimal schedule assigns to each one of the
six slots three activities: one of 301, one of 701 and one of 1051.

The FF rule assigns six activities of 301 to slot 1. To each one of. the negt
three slots it assigns two activities of 701. To each one of the last six slots it

assigns a single activity of 1051.

This example shows that an FF schedule may be far from (.)p.ti'mal when
the activities initially are listed in a haphazarq way. If the activities areT(E"—
dered initially in a clever way the First Fit heuristic may perform b(.ett.e;. €
worst case performance of the next heuristic, that is based on this idea, is

igni tter. o
Slgn’i’f;cear;ilg;f le7 it Decreasing (FFD) heuristic first orders the activities in d}iz-
creasing order of Wi;. The slots are again nu.mbe.red 1,2,3, and so on. r_[t‘he
procedure starts at the beginning of the activity hst‘ and checks whe‘che}rl ke
activity fits in slot 1. If it fits, it is inserted. Otherwise, the procedure checks
whether the activity fits in slot 2, and so on.

It has been shown that for any instance of the problem

11
Cruax(FFD) < 3 Cunax (OPT) + 4,

where Cmax(FFD) denotes the makespan under the FFD rule. There are

instances for which Coax(FFD) 11

Conn(OPT) 9

The following example shows how this worst case bound can be attained.

Example 9.4.4 (Application of the FFD Heuristic). Let W1 = 1000.

activities 1,...,6 Ty00.,12 13,...,18 19,...,30
Wi, 501 252 251 248




Under the optimal schedule the makespan Cpay is 9 and under the FFD
schedule the makespan is 11. The optimal schedule assigns to each one of the
first six slots three activities: one of 501, one of 251 and one of 248. To each
one of the remaining three slots it assigns four activities: two of 252 and two
of 248.

The FFD rule assigns to each one of the first six slots one activity of 501
and one activity of 252. To the next two slots it assigns three activities of 251.
To each one of the last three slots it assigns four activities of 248.

The two heuristics described above can be applied with some minor modi-

fications to cases where the activities have different release dates. If the activi- -

ties have due dates and the objective is the minimization of a due date related
penalty function, then a different heuristic is required. If the activities have

deadlines and the objective is to find a feasible schedule, then also additional
modifications are needed.

9.5 Timetabling with Operator or Tooling Constraints

In the previous section we considered models with W) identical operators.
The operators were basically interchangeable.

In what follows the operators are not identical. Each operator is unique,
has his own identity and his own skill. An operator in this model may actually
be equivalent to a specific piece of machinery, a fixture, or a tool. An activity
either needs or does not need any given operator or tool. Each activity needs
for its execution a specific set of different operators and/or tools.

It is easy to see that this problem is also a special case of the work-
force constrained project scheduling problem discussed in Section 4.6. It is
a project scheduling problem with workforce constraints and without prece-
dence constraints. There are now N, different pools of operators and each
pool of operators consists of a single operator, i.e.,, Wy =1for £ =1,...,N,.

The difference between timetabling with operator or tooling constraints
and timetabling with workforce constraints is significant. In one sense the
model in the previous section is more restrictive (there is only one type of
operator, i.e., N, = 1), and in another sense it is more general (there are a
number of that type of operator available, i.e., W, > 1).

Each activity now requires one or more different operators or tools. If two
activities require the same operator, then they cannot be done at the same
time. In the feasibility version of this problem, the goal is to find a schedule
or timetable that completes all n activities within the time horizon H . In the
optimization version, the objective is to do all the activities and minimize the
makespan.

Throughout this section we assume that all activity durations are equal to
1. Even this special case with all activity durations being equal does not have
an easy solution. In what follows we first focus on the feasibility version when

[

all durations are equal to 1. Finding for this case a conﬂic‘t—free timetable is
structurally equivalent to the node coloring probl.em described at the end of
Section 9.2. In the node coloring problem a graph is constructed by .represent—
ing each activity as a node. Two nodes are connect'ec'l .by an arc if the two
activities require the same operator(s). The two activities, .therefor.e, capnot
be scheduled in the same time slot. If the length of the time horlzon. is H
time slots, then the question is: can the nodes in the graph be col.ored with H
different colors in such a way that no two connected nqde§ receive the same
color? This is a feasibility problem. The associated optimization problem is
to determine the minimum number of colors needed to color the nodes of the

" graph in such a way that no two connected nodes have the same color. This

minimum number of colors is referred to as the chromatic number of the graph
and is equivalent to the makespan in the timetabling problerp. .

The optimization version of the timetabling problem Wlth all duratl(?ns
being equal to 1 is closely related to the zero slack reservation Problem W'lth
arbitrary durations described at the end of Sectiog 92 Tbat this rgservatlon
problem (with the number of resources being minimized) is not equivalent to
the timetabling problem but rather a special case can be shown as follows:
two activities that need the same operator in the timetabling problem are
equivalent to two activities that have an overlapping time slot in the reserva-
tion problem. If two activities in the reservation problem bave an ovelﬁlappmg
time slot, then the two nodes are connected. Each color in the (folorlr%g pro-
cess represents a resource and minimizing the number.of colors is equivalent
to minimizing the number of resources in the reservation problem. ’.I‘hat the
reservation problem is a special case follows from the fact ‘that the time slo‘?s
required by an activity in a reservation problem are .adjacent. Ho.wever, it
may not be possible to order the tools in the timetz.ibhng problem in such a
way that the tools required for each activity are z.idjacent to one anot}}er. It
is this adjacency property that makes the reservatlon.problem easy, while .the
lack of adjacency makes the timetabling problem with operator constraints
hard. ' .

There are a number of heuristics for this timetabling problem with du.ra—
tions equal to 1. In this section we describe only one such prgcedure. First
some graph theory terminology is needed: the degree of a node is the.number
of arcs connected to a node; in a partially colored graph, the saturation le\{el
of a node is the number of differently colored nodes already connected to it.
In the coloring process, the first color to be used is labeled Color 1, the second
Color 2, and so on.

Algorithm 9.5.1 (Graph Coloring Heuristic).
Step 1.

Arrange the nodes in decreasing order of their degree.

Step 2.
Color a node of mazimal degree with Color 1.
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Step 3.
Choose an uncolored node with mazimal saturation level.

If there is a tie, choose any one of the nodes with mazimal degree in the
uncolored subgraph.

Step 4.

Color the selected node with the color with the lowest possible number.

Step 5.
If all nodes are colored, STOP. Otherwise go to Step 3.

Example 9.5.2 (Application of the Graph Coloring Heuristic). Gary,
Hamilton, Izak and Reha are university professors attending a national con-
ference. During this conference seven one hour meetings have to be scheduled
in such a way that each one of the four professors can be present at all the
meetings he has to attend. The goal is to schedule all seven meetings in a
single afternoon between 2 p.m. and 6 p.m.

meetings 1 23 4567
Gary 1001101
Hamilton 1110000
Tzak 0010110
Reha 1011100

This problem can be transformed into a timetabling problem with operator
constraints by assuming that the seven meetings are activities and the four
professors are operators. Consider the following set of data.

actiities

1234567
operator 1 1 001101
operator 2 11 10000
operator 3 0010110
operator 4 1 011100

If the activities are regarded as nodes, then their degrees can be computed
(see Figure 9.2).

activities (nodes) 1 2 3 4 5 6 7
degree 5254523

Fig. 9.2. Graph in Example 9.5.2

Based on the degrees, activity 5 may be colored first, say with the color red
(Color 1). The saturation levels of all nodes connected to node 5, i.e., nodes
1, 3, 4, 6, 7, are equal to 1. Of these nodes, nodes 1 and 3 have the highest
degrees. Color node 3 blue (Color 2). The saturation levels and the degrees in
the uncolored subgraph are presented in the table below.

activities (nodes) 1 2 3 4567

saturation level 21-2-21
degree 31-2-02

Based on these numbers node 1 is selected as the node to be colored next,
say yellow (Color 3). Node 4 is selected after that and colored green (Color
4). Node 7 follows and is colored with the color that has the lowest number,
Color 2 {blue). Node 6 is colored last and colored yellow. Since four colors
were needed to color the graph, the makespan of the corresponding schedule
is equal to 4. It can easily be seen that this schedule is optimal. Both operators
1 and 4 are needed for 4 activities.

To see why it makes sense to schedule the activity with the highest degree
first, consider scheduling the activity with the lowest degree first. Activities
2, 6, and 7 then have to be done in the same time slot. However, activities
4, 1, 3, and 5 are scheduled afterwards in four different time slots and the
makespan is 5. If the high degree activities are not scheduled early on, they
often end up requiring new colors at the end of the process.

The next example illustrates the relationship between the reservation prob-
lem and the timetabling problem.

Example 9.5.3 (Timetabling Compared to Reservations). Consider
the following timetabling problem.



activities 12345¢7

p]- 11111711

operator 1 1 01 1

operator 2 1 1 1 (

operator 3 0 0 1 0

operator 4 1 01 1
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Algorithm 9.5.4 (Minimizing Timetabling Costs)
Step 1. .

Take activity j from the set of activities not yet scheduled.
Step 2.
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If no such slot is found go to Step 4.
Step 3.
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Assign activity j to the slot with the lowest cost.
Go to Step 1.

Step 4.

Activity j conflicts in every possible slot with other activities.

l an the l tS m thC)L aCtZ'UZt ca e(i oYy res edu Z”g all ac
Sto y n b
IfZ’UZtZ@S that C()nﬂlct wlth ] . j ’ SChedUZ y Ch l

If there are no such slots g0 to Step 6. Otherwise go to Step 5.
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Step 5.
For each slot calculate the cost of rescheduling all conflicting activities.

Assign activity § to that slot with the lowest rescheduling cost.

Step 6.
If there are no slots for which conflicting activities can be rescheduled with-
out conflict, count for each slot the number of activities that cannot be

rescheduled.
Assign activity j to that slot with the least number of such conflicts.

Reschedule as many conflicts as possible and bump the others back on the
list of unscheduled activities.

If the number of times activity k is bumped by the same activity j reaches
N, then activity k is dropped and considered unschedulable.

The last step of the algorithm can be viewed as a bounded backtracking
mechanism that allows it to reconsider earlier decisions. If a pair of activities
is difficult to schedule, then they most likely will bump each other relatively
early in the backtracking process. The next example illustrates the manner
in which the backtracking mechanism works when the algorithm is applied to
the more specific model described earlier in this section.

Example 9.5.5 (Minimizing Timetabling Costs). Consider the instance
discussed in Example 9.5.2. Assume that the number of feasible slots is 4
(this implies that the algorithm will either find the optimal schedule or it will
conclude that there is no feasible schedule). Assume that all aversion costs
and proximity costs are zero.

Since Algorithm 9.5.4 does not specify the order in which the unsched-
uled activities are taken, we assume here that the activities are going to be

considered in the order
2,6,7,4,1,3,5.

Going through Steps 1, 2, and 3 a number of times results in activities 2, 6,
and 7 being done in slot [ 0,1 ], activity 4 in slot [ 1,2 ], activity 1 in [ 2,3 ],
and activity 3 in [ 3,4 |. However, when the algorithm attempts to insert the
last activity, activity 5, in one of the four slots, then there are conflicts in each
one of them. If activity 5 is put in the slot of activity 4, then activity 4 has to
be rescheduled, but activity 4 cannot be rescheduled in any of the other three
slots. The same thing happens if activity 5 is assigned to the third or fourth
slot. So the first slot remains to be checked. If activity 5 is inserted in the
first slot, then activities 6 and 7 are in conflict and have to be rescheduled.
Activity 6 can be scheduled together with activity 4 in the second slot and
activity 7 can be scheduled together with activity 3 in the fourth slot. So the
optimal schedule has been obtained.
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The heuristic can be summarized in the following four steps.

Algorithm 9.6.1 (Room Assignment Heuristic).
Step 1. (Select Time Slot)

Select, among time slots not yet considered, slot t with the smallest sup-

ply/demand ratio.

Step 2. (Greedy Algorithm)

Rank oll classes § in Jy in decreasing order of class size.
Go in a single pass through the list of classes, and assign class j to the
(still vacant) room in M; with lowest cost.

Step 3. (Improvement Phase)

Rank all classes j in Jy in decreasing order of current cost.

Go in a single pass through the list of classes and do the following: If class
7 is not assigned, find all feasible interchanges in which class 7 moves into
an occupied room displacing the assigned class k into a vacant room; if this
set is not empty, make the interchange with mazimum cost reduction.

If class j is assigned, find the set of feasible assignment interchanges for
class j that reduce total cost; if this set is not empty, apply the interchange

with the maximum cost reduction.

Step 4. (Stopping Criterion)
If Step 8 has resulted in a reduction of the total cost return to Step 3; oth-
erwise delete from the unscheduled list all classes scheduled for the current

time slot.
If all time slots have been considered STOP, otherwise go to Step 1.

The heuristic has proven to be a very fast method for generating near-
optimal solutions. Combining the rule of “selecting the hardest subproblem
next” with a dynamic recalculation of the costs of wasted resources seems very
effective. The decision support system is designed so that it is easy to use in-
teractively and it is flexible enough to accomodate future policy modifications
without extensive reprogramming.

The system is used in the following manner. Approximately six months
before the start of the semester, departments submit room request forms that
list all classes scheduled for the semester. Within a couple of weeks, a prelim-
inary schedule is generated, showing those classes that could not be assigned
to rooms. Departments then submit revised requests and negotiate with the
scheduling office about possible pre-assignments. The system is then run again,

with the unchanged standard lectures that had already been assigned flagged
as pre-assigned. The resulting set of assignments is then published in time for
pre-enrollment. Using the system, the scheduling office is able to complete its
part of the cycle several weeks earlier than with the original manual procedure.
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Check if your heuristic yields the Opt.imal Somtiowl = 3 and the valye Wy = 9.
1.

9.8. Consider a timetabling problem with all processing times equal to 1 and
tooling constraints. Let 7} denote the set of tools that are required for the
processing of job j. Assume that the 7} sets are nested. That is, for any pair
of sets T; and T} one and only one of the following three statements hold:

(i) Sets T; and Ty are identical.
(ii) Set T is a subset of set 1.
(iil) Set T}, is a subset of T}.

(a) Develop a polynomial time algorithm for this problem.
(b) Does the equivalent reservation problem have any special properties?

9.9. Consider the following timetabling problem with tool sets.

jobs

Y2

tool 1
tool 2
tool 3
tool 4

O L Ol F
— = = O~
—_—0 = O | = | W
— = O |~
e OO | = | Ot

(a) Can the tool sets be numbered in such a way that all the tools needed

by each job are adjacent?
(b) Develop an algorithm for verifying whether the tool sets can be num-

bered in that way.

9.10. Consider the following timetabling problem with two types of personnel.
The total number of personnel of type 1 is Wi = 3 and the total number of

personnel of type 2 is Wy = 4.

activities 1 2 3 45 6 7

s 1111111
Wi; 2012121
Wa; 2402312

(a) Determine first which type of personnel is the most critical (the tight-
est).
(b} Use the information under (a) to develop a heuristic for this problem
with two types of personnel (your heuristic may be a generalization of the

FFD heuristic described in Section 9.5).
(c) Give a numerical example of bad behavior of your heuristic.

9.11. Consider the workforce constrained timetabling problem with the ac-
tivities having arbitrary processing times. In this problem the makespan has
to be minimized subject to the workforce constraint W;i. Consider now the
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10.7 Discussion

10.1 Introduction

The previous chapter covered the basics of interval scheduling and timetabling.
The models considered were relatively simple and their main goal was to pro-
vide some insights. In practice, there are many, more complicated applications
of interval scheduling and timetabling. For example, there are important ap-
plications in sports as well as in entertainment, e.g., the scheduling of games
in tournaments and the scheduling of commercials on network television.
This chapter covers basically two topics, namely tournament scheduling
and the scheduling of programs on network television. These two topics turn
out to be somewhat related. The next section focuses on some theoretical
properties of tournament schedules that are prevalent in U.S. college basket-
ball, major league baseball, and European soccer; this section also presents a
general framework for tackling the associated optimization problems via inte-
ger programming. The third section describes a completely different procedure
for dealing with the same problem, namely the constraint programming ap-
proach. The fourth section looks at two tournament scheduling problems that
are slightly different from the one discussed in the second and third section,
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